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Abstract

Theories of Bose description for fermions developed by A. J. Kalnay:(1974) and the preseni
author (Garbaczewski, 1975) are compared. It is proved that the underlying constructions
can be in principle summarized as follows:

CAR and CCR = new CAR [6)]
CCR = CAR 2)

where CCR and CAR are abbreviations for representations of the canonical commutation
(and anticommutation, respectively) relations algebra. According to thisresult (1), though
independent of (2), can appear as a secondary step only in the quantum theory of fermions
constructed from bosons.

Section 1

In the period 1970-1975 there appeared a few papers concerned with the
formulation of quantum field theory for fermions constructed from bosons
(Streater et al., 1970; Kalnay et al., 1973; Kalnay, 1974a, b; Garbaczewski,
1975a, b, ¢). These theories are mainly based on investigations of boson
expansions for Fermi operators, and such an idea is extensively used also in
the nuclear many-body problems (Okubo, 1974). The approaches mentioned
were developed independently and no connection between them has up to
now been proved. In the present paper, we take into account the theory
proposed by Kalnay (1974a,b) and attempt to establish its relation to the
theory proposed by Garbaczewski (1975a, b, ¢), considering, however, the free
field case only (Fock representations of the canonical algebras).

The simplest insight into the Kilnay method, according to Kainay (1974a,
b) goes as follows: One constructs quantum fermions f;(z) (where { is bispinor
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index and z € R?) from pure quantum bosons bg(x) (where £ is an appropriate
boson index, x € R?) with the additional use of c-number coefficients

Fige(z, x, x") which provide a “matrix” representation of the canonial anti-
commutation relations. These last coefficients are even interpreted as classical
fields. Quoting the original (Kalnay, 1974a, b) sentence:

The quantum Fermi field fg-(z) is constructed from a quantum Bose field bs(x) and a tri-

linear classical (in the sense of c-number) field ngg(z, x,x") +« - the only quantum funda-
mental entities are the Bose field bg(x) and its state vector space B.

We attempt to prove that, in fact, that is not always so and “the trilinear
classical field Fygp(z, x, x")” can appear as an operator field revealing thus
representation of the CAR algebra as one more fundamental quantum entity
in the theory. We present here an alternative method for construction of such
field without the use of binary arithmetic originally employed in Kalnay et al.
(1973).

Comnpared with the results of Garbaczewski (19754, b, ¢) this version of
Kalnay theory appears as a secondary step only in the theory of fermions
constructed from bosons.

Section 2

To prove correctly the above conclusion, let us begin from a simple con-
struction proposed recently by Kalnay (1974b). One begins here from a
momentum space description (which is the proper language for any algebraic
formulation) and then translates results into the field-theoretic framework.

Given an enumerably infinite set {F;}; =y ,, ... of infinite-dimensional
matrices providing a matrix representation of the CAR (see in this connection,
for example Guichardet, 1966; Powers, 1967, Rzewuski, 1969; Emch, 1972),
we have

% (Fz‘)rs(F}ﬁst + g(ﬁ}'ﬁjrs(ﬁ})st

= (FFPe + (F)F)re = 8181 Q.1
[Fg,F}*]-i-:&ijﬂa [‘Fl F}']-i-:O
This matrix algebra acts in a certain infinite-dimensional linear vector space V.

Given
N
K=® kk=2*R%,KD {gMmily Y
i

where {g/"} is an orthonormal complete set in X:

2 (&™ &™) = 8, orthonormality

" 2.2)
2. 4" ® &" = 8y completeness
s



KALNAY THEORY OF FERMIONS 811

where ( , ) denotes a bilinear form in K, and the overbar denotes an involu-
tion in K. Let us now introduce;

F(k,p)= 2. (F)ys&™(K)gs(p) = (8™, Fig™ (k, p) (2.3)

ry

and similarly
F™(k, )= 3 (FDnsky (k) (p) = E™(p, k) 2.4
rs

One finds easily that the pair {F;"™, F;* ™} provides again certain “matrix”
(continuously indexed) representations of the CAR algebra:

> fdq {(F"™(k, )F;™P(q, k') + F*™™(k, )F{ (9, k')}
n i3

2 jdq {F"(k, ) F{"(q, k') + F{""(k, ) F{"(q, k)} = 0
n
which follows from (2.1) and (2.2).
This representation acts in a new representation space V":
Vav= {yly=1,0,.. =V 20

VK= 2 B (K, = (3™, v) (k) (2:6)
¥
Here V' is isomorphic to
N
D2 *(R%)
1
Given now a Fock representation of the CCR algebra over
N
K=Dk
1
generated by the triple {b, 5% |0, k =#*(R?)

(B (); br(@)]+ = 8(p — @)8pm 1, (b (D), bu(@)] =0 (2.7)

The domain we denote & C B.
Then (for example), operators

Fi= [IF™(p, @)bp(P)bulq)dp dg

! (2.8)
5= SF{"(p, Q)b (p)bn(q)dp dq

fulfill
[f;'r f]*] + = 51]

[fi:f}']-k =0 (29)
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providing in B!, the one-particle boson subspace of B, a Fock representation of
the CAR algebra [on how to introduce a Fock vacuum for the new representatior
see Kalnay et al. (1973) and Kilnay (1974b)].

Section 3

Now we will give a constructive proof for the following:

Statement. Kalnay theory of fermions constructed from bosons (i)
can be improved in the foundations to admit also operator realizations
of trilinear fields, and henceforth (ii) can be added as a secondary one
to the theory proposed by Garbaczewski (1975).

Proof. Given the triple {f™, f, 10)}y, generating a Fock representation of the
CAR algebra over K, acting in a certain Hilbert space H, for K =#?(R3) 3g,¢"
p € R3, we have

flo=L8)=fdp f(p)&(p)
(2, f&)*]+ = (B &)1 (3.1)
(2. f(eHli=0

Let k, k' be separable complex Hilbert spaces with an involution (-) and a
bilinear form ( - - - ) implementing a sesquilinear form (=, . ). Assume
k=2L2R"), k' = #?(R?) and take into account K = k ® k'. Elements from
K are of the form a(p) = a(g,q") withqg €ER', ¢' ER? and p = (q,9") ER3,
Hence we can consider {f, ™, lO)}gg('ns) as the restriction of {f, f™ 10O o &'
to £ *(R?).

Let us now introduce

N M
K=(€Pk)® (e;)k')

and choose an orthonormal set {a; )=
Jap @ (p)a(p) = ik, Gi) = 84k (3.2)

with p = (¢.¢) ER’ .
Now we can define for {f,f", |00} g2(r?):

fir = (f @) = flag) = Jdpf(p)ai(p)

. (3.3)
= a)
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which for N = M = | becomes simply f(z). As an immediate consequence of the
CAR (3.1), we have

Uiies 1) + = @iner @) 1= 88,1

3.4
[firs fin) +
Choosing in
N
@k
1
a complete orthonormal set {gr},, N we are able to construct a “matrix”

2,...

representation of the CAR algebra, where matrix elements are not c-valued but
operator-valued entities: k= £?(R?)

(Fi)rs = % Jdp& (p)fu &' (p) (3.5)

Owing to (3.4) we have
[Fie, F7') 1+ = 81, 1
[Fre Fil + =0

which provides the underlying “matrix’ representation of the CAR algebra,
(3.6) follows from (3.4) and orthogonality-completeness relations (2.2):

([Fie, Ff N 4)pe = Z Z E Jdp fdq (& (p)fx&:(p)

(3.6)

x gi@)figla) + gr’(p)ﬁfés’(@gs (p)fix (3.7)
X Zf (P)} = Z fdp&}(ﬁ?) [fik,fizhgrl(?’) = 8,851

Tis the operator unit in the representation of the CAR algebra generated by
7,7 10}k

Turning back to Section 2, we see that after the introduction of “matrices”
Fy, Fy, Statement (i) is proved. To assert (ii) it is enough to remark that by
Garbaczewski (1975b) there is established that there exist Fock representations
of the CAR algebra constructed in Fock representations of the CCR algebra,
and hence Bose constructed representations of the CCR algebra can be used
(mentioned secondary step) to introduce matrices Fy, F; with operator-valued
matrix elements, implementing further operator-velued trilinear fields. The
Statement is proved.
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